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First we study the asymptotic behaviour on the unit circle of functions of the
second kind associated with polynomials orthogonal on the unit circumference.
With the help of these results we derive, as in the case of orthogonal polynomials,
the asymptotic behaviour of functions of the second kind associated with polyno-
mials orthogonal on the interval [—1,1]. Special attention is given to the
asymptotic behaviour on the interval [ —1, 1]. Using the known close connection
between the Stieltjes polynomials and the functions of the second kind we find that
the Stieltjes polynomial E, (-, (1—x?)w) is asymptotically equal to the
orthogonal polynomial p,, ,(x, w), if w(x)\/l—x2 is positive and twice con-
tinuously differentiable on [ —1, 1]. Furthermore we give, for sufficiently large n,
several “interlacing properties” for the zeros of the Stieltjes polynomials, such as the
interlacing property of the zeros of two consecutive Stieltjes polynomials, of the
zeros of E,, (-, (1 —x?)w) and p,(-, w), etc. Finally we show that for sufficiently
large n the Gauss—Kronrod quadrature formula has all quadrature weights positive,
if the weight function satisfies the abovementioned conditions. € 1992 Academic
Press, Inc.

1. NOTATION AND INTRODUCTION

First let us give some notation and definitions as well as some results
from the theory of orthogonal polynomials on the unit circle which we
need in the following. Polynomials orthogonal on the unit circle are studied
in detail in the monographs of Szegd [297, Freud [3], Geronimus [10],
in the survey papers of Nevai [19] and Lubinsky [14], and in [12].

Given a polynomial P,(z) of degree n, we define the *-transform by

Px(z) :=z"P,(1/Z)
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so that the coefficient of z/ in P* is the complex conjugate of the coefficient
of z" /in P,(z).j=0,1,2, .., n By

¢n(z) :=¢,,(Z, d.u) = Kn:n T o
with
K, =K,(du)and k, >0 (n=0,1,2, ..}

we denote the polynomials which are orthonormal on the unit circle {z] =1
with respect to the finite positive Borel measure du on [ —n, 7], whose
support is an infinite set,

1

) Ble” du) §le®. du) du(6)

=8, m for mn=01,2,..
Obviously we have 0 <x <k, < --- <k,< ---which implies that

n

lim k,=xe(0, ] (1.1

n—x

It is well known that these orthogonal polynomials satisfy a recurrence
relation of the form

Kp@us1(2, dp) =k, 1 20,(2, du) + ¢, (0, du) ¥ (z, du), (L.2)
respectively
Kbk 1(zo dp) =K, 8%z, du) + b,y (0, dt) 28,02, dw),  (1.2)
and the monic orthogonal polynomials
D, (z):=D,(z,du) :=¢,(z}/x, (n=0,1,2, .}
satisfy the recurrence relation

D, 1(z, du)=2P,(z, du) + D, {0, du) D3z, du). (L.

[¥8)
R

The numbers
a, .= an(du) = —¢n+1(03 d:u)= _¢n+ 1(07 d.u)/Kn+i (n :07 1a 27 } (14}

are called reflection coefficients or Schur parameters. The «,’s and a,’s are
related to each other by

K5+1_K5=I¢n+1(0)|2 (n=0, ls 2’ )9 {15;
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hence
n—1

k2= T] (1—1a,?) (n=0,1,2,..). (1.6)

v=0

Next let us introduce the so-called associated polynomial ¥, of ¢,
defined by

1 +r o 4 7
Do =5 — [ G ) - D1 ), (L)
TCo Y —n
where
d) == " du(d 1.8
Co = Coldp) : ZEJ o). (1.8)

Note that the associated polynomials (i,) satisfy the recurrence relation
Kn(dp) Yoy 1(z, dp) =, (dp) 2¥,(z, dp) — ¢, 40, du) W (2, dp) - (1.9)
and the monic polynomials (¥%,,)
Y, 1z, du)=z¥ (z,du)+a,P¥(z du), (1.10)

ie., the same recurrence relation as the @,’s with {a,(du)} replaced by
{—a,(du)}. An important relation between the ¢,’s and ¢,’s is given by

2
Yulz, dp) 63z, dp) + 9,(z, du) ¥z, dp)=— 2z (n=0,1,2,..). (L11)

0

The system of associated polynomials (y,) is orthonormal with respect to
a measure u* which is defined in terms of u(6) as follows (see, e.g., [27,
pp. 106-107] or {22, Lemma 2]): Let

1 ¢ '9+-
27rc0J :

Flz, du) == - duf)  for |z <. (1.12)

—r e
Then there is a unique measure u* for which
F(z, du*) F(z, du) =1 (1.13)

and p* is that measure to which the associated polynomials are orthonor-
mal. Since F and p from (1.12) satisfy the relation (see, e.g., [26, p. 37])

Re F(e®, du) .= lim Re{F(re”, du)}

r—1-

w(@)/co for fela,b], (1.14)
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if u is absolutely continuous on [a, b] <[ —=x, =] and 4’ is continuous on
{a, b] it follows that, under the additional condition of the positiveness cf
u'on [a b], uand u* are related to each other on [a, 5] by

p*'(8)/cd =Re{1/F(e”, du)}
=u'(8)/cy |Fle®, du))®> for Bela bl {1.15}

Furthermore, let us mention that (see [7, Theorem {3.17)

Xz du)

hm —(———=F(z, du) uniformly for |zl <r<l. {1.16;
a0 ¢n = d,Ll)

Next let us define the nth function of the second kind g,(z, du} on
the unit circle by, for neN (henceforth N :=1{ 2,3 ..} and Ng:=
10,1,2..4)

Yy oy e A

A
gz, di)i=5— [ S5 g, (e, d) duth)

b U
= ¢"(Z, d:u) F(Z’ d#) + %l!’”(f.l dl’ }
=(2/coK,) 2"+ O(z" 1), (=] <1, (117}

and the function #,(z, du), which we call the #th associated function of
second kind, by

7:1 - eiﬂ 4z

oz, dy) = Gale”, du) du(B)
2ncyd €~z
=5z, du) Flz, du) — ¥ ¥z, du)
=(2a,/corc,) 2" T 4+ O(z" T2, izl <1 {1.18}

{the second and third equality in relation (1.17} and (i.18) follow from [7,
pp. 16, 357). In the study of the asymptotic behaviour of the nth function
of the second kind it will turn out that it is of advantage to consider the
functions

gsdu)=z""g,(z.dy)  and  h,(z,du)=z"""Vh(z,du) (119

instead of g, and 4,. Furthermore, the so-called Szegd function plays an
important role. For a nonnegative measurable function v in [—=xn, 7]
satisfying the Szegd condition log ve L[ —m, n] the Szegd function D{(z, r)
is defined by

6

: I ¢ +z .
z,v) = — | (6 d 7)< 1, (1.20}
Dz, v) exp{‘mfnela‘zlogb(@)dﬁ}, lz] <1, {1.20)
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and has the following properties (see, e.g., [10, pp. 13-19, 29, Chap. X]):
D(z,v)#0 for |z] <1, D(0,v)>0, D(v)e H,, whence the radial boundary
values

D(e”, v) := lim D(re”, v)=/v(0) e =", (1.21)

r—1{-
where 7(0, v)=2""log 5(0) exist almost everywhere in [—=x, n], &(9)
denotes the conjugate function to v(6), ie.,

_ 1 - 0—r
u(0)=§;f v(t)ctg =N dr,

and the integral is defined as a Cauchy principal value. Note that by (1.21)
|D(e®, v)|? = v(6) ae.in[—mn, 7] (1.22)

and in the case when v is continuous and positive on [a, bl <[ —n, ]

|D(e”®, v)|> = v(0) forall fe[a,b] (1.22")

Next let us state some facts on the connection between polynomials
orthonormal on [ —1, 1] and polynomials orthonormal on the unit circle.
Let du be a finite positive Borel measure on [ —1, 1] whose support is an
infinite set and let

pux, da)y=k,x"+ ---withk, :=k,(du), n=0,1,2, ..,
be the polynomials orthonormal with respect to do on [ —1, 1], i.e.,

1
f Pulx, dot) p.(x, do) da(x)=90,, . for n,meN,.

P.(x, de}y=x"+ ---,ne Ng, denotes the monic orthogonal polynomial. To
such a measure & on [ —1, 1] we attach the measure

0)— {a(l)—a(cos 6) for fel0,n], (1.23)

"~ la(cos 6) — (1) for 8e[—m, 0]

on the unit circle. Obviously, if « is absolutely continuous on [ —1, 1] with
a'(x)=w(x) then u is absolutely continuous on [ —m, ] with

W(8)=w(cos ) |sin 0| for Be[—m, =] (1.24)

If we set z=y—.,/y>—1 for yeC\[—1,1] we have the relationship
between the Stieltjes transform of o and the function F(-, du) from (1.12)
(see, e.g., [7, p. 64])

VY- j 1 d“(x z, du), (1.25)

1 y—
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where
1

sm=MWh4AmuhmM@) (126}

Furthermore we attach to the measure « the measure
a*(cos 8)= —u*(0) for fe[0,n], {1.27)

where p* is related to the measure u from (1.23) by relation (1.13). Putting

An = A"(dl,l) ZV%(I +a2n—l(dtu})

» (1.28
B, = B,(dy) = /2n(1~ a3, _ (dj))

e

the following relations hold for ne N, x =1 (z +z7") (see [29, p. 294] and
[7. p. 65]):

Pl )= A Hz " gy (2, dpy+ 2"y, i(z 7 du)), (129
pn(_x,dd*)=B’l_1{27"+llp2n71(Z,d‘u)'{—Zn‘lEﬁ'z”_:(Z_l, d#)}’ (13()}
Pni1(x, (1= x7) dar)

z——n+1 d _Zn——l y z—l’d
:23;1 { ¢2n~1(2’ l'i) — ¢_n—l( lu)}( (131:
and
py i (x, do)
7~n+l _Zn—rl’ /Z~1 d 1
=2A;[ {" lpZn—l(Z~ dﬂ) — lljln—ﬂ 9 #)J, (132)
where p'" (x, dx) denotes the associated polynomial of p,(x, da), ie.,
1t , day— plt, d .
P doy = [ ZAS IV DB gy )
SoY—1 X—1
Note that by (1.31) and (1.32)
P (x, da) = p, _q(x, (1~ x7) do*). (1.34}

Finally the function of the second kind with respect to the measure o is
defined by

1t d
gy, doy = [ 229 g

SoY—1 y—x

(x) for yeC\[—-1.1] (135}

640'702-3
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and, as usual, we put for ye [—1, 1]

qnly, da) = him, 3 [9.y +ie, du) + q,(y — ie, du)] (1.36)

and hence, for ye(—1, 1),

_ Lt pulx, do)
9. )= f FE dal), (137)

where { denotes the Cauchy principal value.

In 1894 Stieltjes introduced and studied for the Legendre weight w(x) :=
a'(x)=1 (his methods work also for general distributions du) those poly-
nomials E,,(y,dx)=y"*'+ ..., nowaday called Stieltjes polynomials,
which are the polynomial part of the series expansion of {syk,q,(y, do)} "
at the point infinity, i.e.,

d, d
{sokuqu(y, d2)} ' =E, (5, da)+)—j+y—§+ (1.38)

He showed (for a simple proof see, e.g., [24, Lemma 1]) that relation
(1.38) is equivalent to the orthogonality condition

1
j X'E, \(x, do) p(x, do) du(x)=0  for j=0,..n (1.39)
1

Naturally the following questions arise: (i) for which distributions du are
the zeros of E, . (-, da) real, simple, and contained in the interval (—1, 1);
and (ii) do the zeros of E, . (-, da) and p,(-, d) separate each other? For
the Legendre weight Sticltjes conjectured that the polynomials E, , | have
these two properties. In 1934, G. Szegd [28] proved Stieltjes’ conjecture. In
addition he proved that the conjecture holds true for the Gegenbauer
weight function w(x, A)=(1—x%*)*""2, 0<i<2.

Let us also note that Geronimus [6] in 1929, apparently unaware of
Stieltjes’ results, considered polynomials J,(y, dx)= y"*' + .. defined by

Ysok, /77 =1 q,(y, da) =7 (», da)+%+;—§+ (1.40)

It turned out, see [18, Theorem 27 or Lemma 4.1 in this paper, that there
is a close connection between Stieitjes and Geronimus polynomials.

The interest in Stieltjes polynomials was renewed when Kronrod intro-
duced in 1964 the quadrature formula, now called the Gauss—Kronrod
quadrature formula,

n n+1l

[L 70 )= 3, 00+ E 2unf Gua+ RS (181)
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where x,, are the zeros of p,(-,dx) and the nodes y,, and weights
Oy ¥un are chosen to maximize the degree of exactness of (1.41); thus
R, (f)=0 for all feP,,,, (P, denotes the set of polynomials of degree at
most »n) at least. It is not hard to demonstrate that the exactness condition
R(f)=0 for feP,,,, is equivalent to the fact that T],Z} (x—y,.,)
satisfies the orthogonality condition (1.39) and thus, by the uniqueness of
the polynomial satisfying (1.39) which follows by the equivalence of (1.38)
and (1.39),
n+1
En+ l('x’ da) = n (x - yu,n)'
p=1i

Surveys on Stieltjes polynomials and Gauss—Kronrod quadrature formulas
have been given by Monegato [18] and Gautschi [4]. Concerning the
Kronrod quadrature formula (1.41) the following question, besides (1) and
{ii}, is of interest: (iii) for which distributions dx are all quadrature weights
g,, and y,, positive? If the answer to question (i) is positive, question
(lii) requires in fact the positiveness of the o,,s only, since by
Monegato [16] the positiveness of the y, s is equivalent to the interlacing
property of the zeros of E, , |(x, do) and p,{x, de). With the help of Szegd’s
result [28], Monegato [17] has shown that the Gegenbauer weight
w(x, )=(1—x%*"12? has all quadrature weights in (1.41) positive for
0 < A< 1. Notaris [21] and, independently, the author [23] have shown
that weight functions of the form

W(x,s,) =+ 1—x¥s(x) for xe(—1,1),

where s,, 1s a polynomial of degree m positive on [ —1, 1], also satisfy
properties (i)-(iii) for n>m. For the special case s,(x)= (1 + 1)}’ —4ix?,
—1< <1, this was first discovered by Gautschi and Rivlin [5]. Recently
we succeeded in proving that weight functions having a representation of
the form

Wx)=/1—x?|f(e®)®>, x=cos8, 060, n],

where f(z} is analytic and f(z) # 0 for |z| < 1, satisfy all three properties too
for sufficiently large ». In this paper, using a different approach, we extend
this result to the wide class of weight functions of the form

Wix)=(1—x?) w(x) (1.42)
satisfying
V1I=xw(x)eC’[—1, 1]
and (1.42")
V1=x*w(x)>0 for xel[—1,1].
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The crucial point is the derivation of an asymptotic formula (respectively
of a local asymptotic formula if w satisfies (1.42°) on a subinterval
[¢,,,1=[—1, 1] only) for the Stieltjes polynomial E,,, ,. In order to get
this asymptotic formula for E, ,, one needs the asymptotic behaviour of
the nth function of the second kind on the cut [ —1, +1]. Similarily, as in
the study of asymptotics of orthogonal polynomials on [—1, 1] (see, e.g.,
[29, Chap. IX]), it turns out that the asymptotic behaviour of the function
of the second kind on [—1,1] can be derived from the asymptotic
behaviour of the function of the second kind and its associated function on
the unit circle.

This paper is organized as follows: In Section 2 the asymptotic
behaviour of the function of second kind orn the unit circle and its
associated function is studied. In Section 3 it is shown how functions of the
second kind on the unit circle and on the interval [ —1, 1] are related to
each other. With the help of these results asymptotics for the function of
the second kind on [ —1, 1] are derived. In Section 4 for weight functions
of the form (1.42), satisfying the conditions (1.42'), an asymptotic formula
for the Stieltjes polynomial is presented; interlacing properties of zeros, as
those of E,,, (-, W) and p,(-,w), E, . (-, W) and E,(-, W), are given; and
finally the positiveness of the Kronrod-quadrature weights is shown.

2. ON THE ASYMPTOTIC BEHAVIOUR OF FUNCTIONS
OF THE SECOND KIND ON THE UNIT CIRCLE

Since, as we shall see, the asymptotic behaviour of functions of the
second kind is closely related to that of the polynomials ¢* and y *, let us
first state some known facts on the asymptotic behaviour of orthonormal
polynomials on the unit circle. One of the important results is the equiv-
alence of the following four statements (see, e.g., [7, Theorem 21.1; 10,
p- 91): (i) The absolutely continuous part y’ of u satisfies Szegd’s condi-
tion, i.e., log y'e L'[ —=, n]; (ii) The finite limit lim, _ , x,(du) =k exists;
(iii) 22, la,(du)? < oo; (iv) {¢X*(z, du)} converges uniformly for |z| <
r< 1. In the case of convergence of {¢*(z, du)} we have

Lim ¢*(z, du)=D(z, p')~! uniformlyon |z|<r<1, (2.1)

where D is defined in (1.20), and in particular,

lim &, (du)= DO, u')~". (2.2)

Furthermore let us note that (2.1) immediately implies

. 1
lim z7"¢,(z,du)=1/D <;, ,u’) uniformlyon |z|=ZR>1 (2.3)

" — 0
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and, with the help of [10, (1.12)],

lim ¢,(z, du)=0 uniformlyon |z|<r< 1. (2.4)

% — X

It is also worth mentioning that (2.4), and moreover (2.1}, together with
(1.1) and {1.4), implies

lim a,(dy)=0. (2.5)

H—

Concerning the uniform convergence on the whole circumference |z] =1 we
have the following result which is essentially due to Szegé (see [1, 127): if
wWeCsy, W(t)>0for teR, wlr, ¢ )te L'[0, 7], (2.6}

then
p*(e", du)=D(e® ') ' +¢,(e”, du), (2.7
where

lim ¢,(e® du)=0  uniformlyfor 6e[—mn, n];

w(t, f) denotes the modulus of continuity of a function fe C,,, ie.,

oz, f)=max{|f(5)— f(0) :6,0€R, |69 <7}.
If o, ) )<K;75,0<a<l, or w(r, x)<K,|logt|~' % 1>0, then (sce
[12, p. 53]) the error function ¢, from (2.7) satisfies

\
le,(e”, di)l < Ko (S u') logn for Be[-mn]  (28)

Now, set for fe Cla, b], [a, 6] = [0, 2n],
(T, [rasy=max{|f(6)—f(0) :6,0e[a b], 10 -5| <7}

For an arc (™, ¢®) of the unit circumference Badkov 1] has shown that
the limit relation (2.7) holds for all 6e(a, b)c [ —=, 7] and uniformly
inside (a, b), ie., uniformly on each subinterval [a,,b,jc{a b), I u
satisfies the conditions

logp el [—~n, 7], eCla, b],u' >00n [z b]
and (2.9}

CL)(T, ﬂl)[a,b]/‘[ € Ll[Oa b— a]'
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Under more restrictive conditions on p an estimation for the rate of
convergence can be found in [10, Theorem 5.6]. For the following we need

LemMA 2.1.  The following relations hold:

$1(2) 22(2) = 26,(2) o) = = .10)
Kzl s ((2) =Ky 1 B(2) + 8 1(0) 20(2), (2.11)
o Bn e 1(2) =Ko s 1 B2) + b5 1(0) Fr(2), (2.12)
T 1(2) B (€)= B 11(2) Bnr 18) — (Rol2) Bo() — Go2) BolB))
—(1—zg)nfh (2) i (¢)  for z,EeC. (2.13)

j=1

Proof. Using the representations of g, and 4, given in the second
equality in (1.17), resp. (1.18), relation (2.10) follows immediately from
(1.11). Relations (2.11) and (2.12) follow from the recurrence relations
(12) and (19) of ¢,,, and ¥, , ;.

Thus only relation (2.13) remains to be proved. In view of (2.11) and
(2.12) we have

x,,zﬁ,,+1(z>=x w(2) + 6, 1100) &,(2),
K &ni102) =Kpp1 Eal2) + Bn 1 1(0) B (2),
Kl (E) = ,,HE (&) + 641(0) 2,(2),
K Bt 18) =K1 GulC) + By 1(0) P ().

Multiplying and subtracting we get with the help of (1.5) that

o r(2) B 108 = Bne1(2) 828
=h(2) h(&) = §u(2) BSE) + (1 —2E) B, 1(2) By 1(E)

from which by induction relation (2.13) follows. |

Relation (2.13) can be considered as a Christoffel-Darboux formula for
functions of the second kind.

LEMMA 2.2. The nth function of the second kind g, and its associated
Junction h,,neN,, are analytic on |z| <1. Furthermore for each re (0, 1)
the sequences {§,(z)} and {h,(z)} are uniformly bounded on |z| <r.
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Proof. Using the orthogonality property of ¢, we have

Loem o e z"m—e ™ i6
S e () e s
0 for 1<m<gn—1,
= (2.14
{I/Kﬁ for m=n, (234)
which implies, by (1.17), that for {z| <!
. 1 = %4z . ) e
Ge)=5—| g e "B, dut1/xleo (2.15)
0Y—n Z

and hence §,(z) is analytic on |z| < 1. Since by (2.15) for {zi <r<1

L4r) L [T ;
BN 72 e | 180 i
0 —T7

the uniform boundedness of {g,(z)} on |z] <r<1 follows with the help
of (1.1).

The analyticity of %, follows immediately from the fact that again by the
orthogonality property of ¢,

27l o @04 g
2rtcof

. L (x g
5P du=— [ )

. du.
0 __
—ne”—z 7y

The uniform boundedness of {%,(z)} on |z <r<1 can be derived now
quite similarily to that of {g,(z)}. |}

The following theorem gives a description of the asymptotic behaviour of
the functions of the second kind on the unit circle.

THEOREM 2.1. (a) Both sequences {h(z, du)} and {g,{z du)/x,}
converge uniformly on |z| <r <1, where

lim %, (z, du)=0  for |z]<Ll. (2.16}
If the finite limit lim,, _, . x,(dyu) =« exists, then

lim §,(z, dy)=£D(z, U uniformiy on zj<r<l, (2.17)

n— 0 Co

where y' is the absolutely continuous part of .
(b} Let R=1. Suppose that both limit relations

lim ¢*(z,du)=D(z, p') ! and lim v *(z, du)=D(z, (z*)') '

”— oC

(2.18)
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hold uniformly for |z| = R, respectively, uniformly on |z| <r <R and for all
z=Re® on the arc [Re“ Re®], where convergence is uniform on each
subarc [Re™, Re®] < (Re™, Re®). Then the functions §, and h, have an
analytic continuation in |z| < R and are continuous in |z| < R, respectively in
|z| < R and in (Re®, Re™), and both limit relations

n— oo

2 -
lim g,(z, du) == D(z, 1) and lim h,(z,du)=0 (2.19)
n— o 0

as well as uniform convergence hold on the same set as in (2.18).

Proof. (a) In view of Lemma 2.1 (relation (2.13)) we have

i 1(2)17 = 181 (2)12 = (Fo(2))* — [ 20(2)]) _"i‘ ()% (220)

1—|z|?

Since by Lemma 2.2 {%,} and {g,} are uniformly bounded on |z|<r<1
it follows that the series on the right hand side in (2.20) converges, which
implies that

lim k,(z)=0 uniformly on |z} <r<1.

n—

Using the fact that again by (2.13)

mgo(z) gn+1( &,.1(2z)= z (2.21)

and hence
1, 1(0) §,,+1(Z)— ga(0) &,.(2)|

z)

jzmmw/sz

we obtain, noting that by (1.17) ,(0) = 2x2/k,,, the uniform convergence of
{&.(z)/x,} on |zl <r< L.

Concerning limit relation (2.17) let us recall (see the beginning of this
section) that lim,_, , k,=x € R implies that limit relation (2.4) holds.
Combining relations (2.10), (2.1), (2.16), and (2.4) the limit relation (2.17)
follows.

(b) First let us consider the case where the limit relations in (2.18)
hold uniformly for |z| = R and thus uniformly for |z| < R. Since

Wz dw) DGz ()
Gz ) D)

(2.22)
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it follows immediately by Weierstraly’s Theorem that D{z, (u*)'}/D(z, i’} is
analytic in |z| < R and, of course, continuous on |z| = R. Hence, recailing
(1.16), D(z, (u*)')/D(z, ') is the analytic, respectively continuous
continuation of F in |z| < R, respectively |zj = R. In view of the second
equality in (1.17) and (1.18) and Lemma 2.2 the statement on the analytic,
respectively continuous continuation of h, and g, is proved.

Next let observe that by (1.18) and (2.22)

lim %,(z)=0  uniformlyon 1<|z|<R (2.

n— oo

o
o
L

and thus

lim ﬁ,,(z) =0 uniformly on |z] < &,

n—x

which proves one part of (b). Since by the first limit relation in (2.18}
{F(e®)=e""¢,(e?)} converges uniformly for e[ —mn, n] and thus,
by (2.3), {z "$,.(z)} converges uniformly for |z{>1, we obtain from
relation (2.10), taking into account (2.23), the convergence behaviour of
(2.}

The remaining case, when convergence on a subarc is given, can be
demonstrated quite similarily. J

Let us note that by (2.17) and (2.21)

©
)
j=0

. 2K2
7(0) 7i,(z) = 2K2 [1 +F(z, dy)——:—OD(z, ,u')l] (221

uniformly on |z] <r< 1, if the finite limit lim,, , . k,(du) = x exists.
For the special case (see [7, p. 24]) that the reflection coefficients {a,}
satisfy

la,|<lforv=0,1,..,.m—1 and a,=0 for v=mm+1, ..,
ie.,
Fz) =y (z)/d5(z)
and thus, by (1.14) and (1.11),
1#'(0)=coRe F(e”) = 1/|4.%(e”)I?
and

D(e®, y'y=1/¢*(e") for 8e[—n n],
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we even have equality in (2.19) for each n>m and not only in the limit.
Indeed since a, =0 for v=m, m+ 1, ... it follows that

Omiu(2)=20,(z)  and ¢k, (2)=¢k(z) (k=0,1,2,..)
l//m+k(2)=2klpn,(2) and l/l:,_,_k(Z):ll/;:(Z) (k=0’ 15 25 )

and thus, using relations (1.17) and (1.18)

2 1
Co #a(2)

and  h,.(2)=0 (k=1,2,..).

gm+k(z)=

Concerning the rate of convergence on the unit circle, which is of special
interest in what follows, we get, with the help of Theorem 2.1, the following
statement.

COROLLARY 2.1. Let ae (0, n] and suppose that both limit relations in
(2.18) hold uniformly for z=e", 0 e[ —~a, a], where for ne N

$¥(e”, duy=D(e”, u') " +e,(e”) (2.18)
with, for K,eR™,
le(e®) < K5, for Oe[—a, a]
and

lim 6,=0.

n— 0

Then the following relationships hold for ne N:

2.(e", du) = 030 D(e®, u')+1,4(e”)
and
h(e”, du) =1, 2(e”),
with, for K,eR,
., () <K:3,  for Oe[—aa]l (j=1,2).
Proof. From (2.18') we get

lim ¢,(e”) =e™/D(e”) +&,(e”) (2.24)
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with
2.(e®) <K 9,
Hence it follows from relation (2.10) of Lemma 2.1 and {2.19) that
$e) 2,(e") =+ 0(6,) 225)

Co

which, in conjunction with (2.18'), gives the assertion for g,.
Concerning the rate of convergence of 4, to zero the assertion follows
immediately from relation (2.10), using (2.24) and (2.25). §

REMARK 2.1.  Let us state some conditions under which the assumptions
of Theorem 2.1(b) are fulfilled: (a) If u'>0 on [—mn,n] and
peCll—ma]orif Y ,la,l converges then both limit relations in (2.19)
hold uniformly on |z] < 1.

(b)y Iflogu'eL,[—m n] and W' e C'[a, b], [a,blc[—m, 7], then
both limit relations in (2.19) hold uniformly in |z| <r <1 and on each subarc
[eial, e[blj = (eia’ eib)'

(c) Let R'>1. If p'(0)=|f(e?)>>0 for 8e[—n, ], where [ is
analytic for |z| < R, or if limsup,, _, . \’/Ia,,[ < /R, then the limit relations
in (2.19) hold uniformly for |zl < R< R

Proof. {(a) Applying Theorem 26.1 of [7] to {a,} and {—a,} it
follows that >._, |a,| < o is sufficient for both limit relations in (2.19) to
hold uniformly on |z| < 1. If p'e C'[ —=, ] then it is known (see [13,
Exercise 3]) that the conjugate function u’eLip,[ —n, ] which implies
that F(e® du)=u'(8)+ip'(0)eLip,[—n, n] and thus, since x>0 on
{ —m, n], we have by (1.15) that (u*) e Lip,[ — =, n]. Hence, by (2.7) and
(2.8) both limit relations in (2.19) hold uniformly on [ —=, 7.

(b} can be proved analogously to the second assertion iu
Theorem 2.1(b).

{c) follows immediately from [9, p. 827. See also [8,20,15]. §
REMARK 2.2. (a) Ifu'>0on [—n n] and u' e C'{ —n, nl, the error
Sunctions n, ;, j=1, 2, from Corollary 2.1 satisfy
n,.,(e® u <Ky(logn)n  for 6=[—mn ], j=1,2. (2.26)
(b) If u' is of the form
H(OY=1f(e®)?  for fel—m n],
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where [ is analytic for |z| <R, R> 1, then
7,,;(e, W) <Ks/R*Y for Qel—m ], j=1,2. (227)

Proof. (a) follows immediately from Remark 2.1(a), Corollary 2.1,
and relation (2.8).

(b) In view of [7, Theorem 26.17 and [9, p. 82] we get

le(e®) <K5 ) la,l<K; ), R™F
k

=n k=n

which together with Corollary 2.1 gives the assertion. ||

3. CONNECTION BETWEEN FUNCTIONS OF THE SECOND KIND
ON AN INTERVAL AND ON A CIRCLE

In this section we show how to represent the nth function of the second
kind ¢, on the interval [ —1, 1] in terms of the nth function of the second
kind g, and its associated function %, on the unit circle. With the help of
this result we easily get the asymptotic behaviour of the function of the
second kind outside of the interval [ —1,17] as well as on the interval
—1,11.

Let us note that it follows immediately by the definition (1.35) of the nth
function of the second kind that it is analytic on C\[ —1, 1] and at infinity
and that it can be represented in the form

1 ! d
o) =pindo) (5[ T o G

SO _1y_x

THEOREM 3.1. Let o be a positive measure on [—1,17], let
u, F, so, A,, B, be given by (1.23), (1.25), (1.26), and (1.28), respectively,
and put Iy =" | (1 —x*) do/[" | dou. Then on writing y =3 (z+z "), we have
Jor |z| <1 and for n=2

lOBnqn—l(y’ (1 _x2) dOC)
=2 &2 1(2, dp) = hpy_1(z, d)}
=Z*n{z(¢2n—1F+l/’Zn—l)(Z)_(¢;n—lF_l//§n—1)(Z)} (32)

A4, /y*—1q,(y, dx)
=zn{g2n— I(Z’ dll) + il’ZnAI(ZD d.u)}
=27"{Z(¢2n—1F+ a1 )(2)+ (¢2*nle_lp§n—1)(Z)}‘ (3.3)

and
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Proof. First let us demonstrate that relation (3.2) holds. From (1.35}
we get with the help of the transformation x = cos & and the relation {1.31}
that

[OBnqnvI( (I_Y )dd)

_l(n——l)6¢ 1 e,g)
=—Z_Jnn< 1(n—1]0¢ ,9)) 19))
So -0 (z? —ch050+1)
< 1 m ez " o _
= —in —in—2}6 it .
= = - e —e 1€ dui
(I—Z“)cho{f_ng“’_z( ) G20 1(€”) dut
i0
(" e +z . s o T 3
[ G ey g dat,
—n —2Z !

where in order to get the second equality we have used the facts that

2

1-z? e¥+z +:
i

1+22—2cosfz e°—z e P_;

—19

that g is symmetric, and that sy = 7c,.
Using the fact that, by (2.14), for m=0, 1, .., n—1,
e 4z

e—im@¢n(ei0) d,u =z

T i9+7
m" € -
16
J_ eV —7z
T

~7,[€[9—-Z

Bale”) du

and, which can be demonstrated analogously,

ne+7 1”1 1 K619+Z
| Sem e du=z" 5

€ —2Z

.(e”) dp,

-

relation (3.2) follows by straightforward caiculation.
Relation (3.3) can be demonstrated analogously or directly using the
relations (3.1), (1.25), (1.29), and (1.32). |

n+1

From Theorem 3.1 it follows that z="*'g,,_,, 27", _,, 2~ g~,,, and

27", can be represented as linear combinations of ¢, _ (v, (1 —x%j da)
and v v2—14¢,(y, du), 1(z+z7"'), where the representations of
z "*lg, | and z"’hz,,_x follow immediately from (3.2) and (3.3} while
the representation for z ~"g,, and z~"h,, foliow from the second equality in
(3.2) and (3.3) in conjunction with the relations

¢2n 5 ¢2n a’n—— )(z¢2n71 {t) ¢?ﬁz— i )s
lp"n( (1( } 4n—~l)("'—’¢'2n71[ij¢'§n—l)r
which can easily be deduced from (1.2) and (1.2} resp. from (1.9).
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As a byproduct we obtain from Theorem 3.1 the following interesting
representation of p,(x, da*).

COROLLARY 3.1. Let a* be the measure associated with o by relation
(1.27). Then

1 —(xz—l)pnfl(xa(l—xz)da)
Ay, da*)y=—
Py, da*) sl y—x

((yz—l)pnl(y’ (1—x?) de) )
jl do(x).

Proof. Let I, be defined as in Theorem 3.1. On the one hand we have
in view of (3.2), (1.30), (1.31), and the relation

z'=2)2=/y"—1 for [z]<1
that
loGn—1(y, (1—x?) du)
= paly, do*) = /¥ =1 p, 1, (1= x%) d) Flz, ),
and on the other hand we get from (1.35)
lo@u—1(y, (1~ x?) do)
((yz— D) poi(y, (1—x%) da) )
1
L

1 ) py (L de)
So y—x
Lt b
=D pa - (£ [ ),
SO _1y-X

which in view of (1.25) gives the assertion. ||

Next let us consider the nth function of the second kind for weight
functions of Bernstein—Szegé type, i.e., for weight functions of the form

W(x)=1/(J1—-x*p,(x)) for xe(—1,1), (3.4)

where p,, is a polynomial of degree m which is positive on [ —1, 17. It is
well known that p,, has a unique representation of the form

Pul(X)=c|DX(e”)?,  x=cosf,0e[0,n], ceR,, (3.5)

where

?,(z)=[] (z—z,) with |z,| <1 for v=1,..,m,
v=1
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and the z, are real or appear in pairs of complex conjugate numbers. For
such weight functions we obtain from Theorem 3.1 the following simple
explicit expression for the nth function of the second kind which we have
derived by different methods in [25, (2.19)].

CoRrOLLARY 3.2. Let p,, and W be given by (3.4) and (3.5), respectively.
Then. on writing y=4%(z+z "), |z| <1, we have for ye C\[—1, 1] and for
2nzm+1

21 =gy W) =1y 2n g, (3, (1= x) W)
2 "

Proof. Easy calculation gives, using Cauchy’s Theorem, that ¢, :=
¢ @, is orthonormal with respect to u'(8):= W{cos 6)|sin 8| =
1/|¢%(e®)|> and thus the relations given in the example following
Theorem 2.1 can be applied, which by Theorem 3.1 gives the assertion. §

With the help of Theorem 2.1 and 3.1 we obtain the following asymptotic
representation of the function of the second kind outside of the interval
[ 1,17 due to Barrett [2] and Geronimus [11, (XI1.34)], where the
last-named author gave a very short and elegant proof.

THEOREM 3.2. (Barrett [2], Geronimus [11]). [f the weight function w
is in the Szegd class, ie., if (1—x?)""logw(x)el'[—1,1], then the
relation

NS 2 W)zx/%

( 1y . D(y—/y*—1, w(cos ) [sin 6]) +¢,( 3, w)
y—Jy- 0

holds, where lim, , ¢&,(y, w)=0 uniformly on each compact subset of

C\[-1,1T. )

Proof. Let A, be defined as in (1.28). In view of relation (3.3) we have
for jz]<land y=4(z+z7")

2T A Y =1 g1 W) = Ba (2, dit) + oy 1(2, ),
where p'(8) = w(cos 8) |sin 8|. Taking into consideration the facts that
z=y= V= 1=1r+ ¥~ 1)
and that by (2.5)

- e
lim A4,=./2=,

mn— X
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the assertion follows immediately from Theorem 2.1 since, as mentioned at
the beginning of Section 2, relation (2.2) holds. ||

In order to study the asymptotic behavior of functions of the second
kind on [—1, 1] let us put, for xe[—1,1],

g, (x, dx) == lirg g {x+ i, do)

and

q, (x,do) = lim gq,(x—ig, du).

e— 0%

Hence if ¢;7 and ¢, exist we have

*(x, dt ~(x, d
q,,(x,doc):q" (x, oz);—q,, (x, da) for xe[—1,1].

THEOREM 3.3. Let I,=/2n/{", (1 —x*)w(x)dx, l,= —/2n/sy, and
w'(0)=w(cos 6) |sin 8|. The asymptotic representations
g7 1(cos 8, (1 — x?)w) = 1™ D(e", w') + ¢, (?) (3.6)
gn-1(cos 6, (1—x*)w) =1, Re{e"'D(e”, ') +,1(e")}  (37)
sin 0g,(cos 6, w) =1, Im{e™D(e®, u') + ¢, 5(e”)} (3.8)
hold with
lim ¢, ;(%)=0 (j=1,2)

n—

(@) wuniformly for 6€[0,2n] if J1—-x*w(x)=m>0 and
J1=x*w(x)eC[—1,1],

(b) uniformly for 8 e [arccos &,+ 9, arccos £, —6], 6>0, if 0<m<
V1= wx)<M and (/1 —-x*w(x)e C'[¢,, &), [€), &1 [— 1L +1]
More precisely, if

|pF(e”, du)— D(e”, du)~'| < K8,  for neN
on the set where uniform convergence occurs in (a) or (b), then
len(€®) < K30,  for neN  (j=1,2)

on this set.
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Proof. Using the fact that

(VP —DY (0)= (¥ -1~ (x)=iJl—x* for xe[—1,1],

where that branch of \/_152—1 which is positive on {1, c¢) is chosen, we
have

(y=y=1)* (cosf)=e"

and

(y=y* = 1) (cos)=e® for 6e[0, ]

Since in Theorem 3.1 ye C\[—1,1] and ze {zeC :{z| <1} are related to
each other by z= y —./y?— 1 we get from Theorem 3.1, observing that the

boundary values lim,_ . F(z, du)=lim._ 0./¥*—1qq(y, w), by the
assumptions on u’(6)=w(cos 0) [sin 6}, certainly exist,
lo By 1(cos 6, (1—x*)w)
=™ g 1(¢7, du) — Ry _ (7. dpt)} (39)

and

A, sin Bq‘,f‘(cos 8, w)

= i€ G0 1(e7", dp) + oy _ (™, dt)}. (3.10)
Recalling that
lim 4,= lim B,=./2n (3.11)

the assertion now follows from Theorem 2.1 combined with Remark 2.1,
Corollary 2.1, and Remark 2.2. J

ExaMpLE. Let us consider the Jacobi weight function w(x)=
(1—x)*"*"2(1+x)* "2 on [—1, 1] We get immediately

1(0)=(1—-cos 8)*(1+cos §)?
and

D(z, W) =2"+F2(] _ 2y (1 4 )%,

640-70,2-4
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In view of Theorem 3.3 we get the known asymptotic formula

qn(cos 0, w)+ 8,,((:05 0)
__\/5; o+ gy Im{e™ (1 — )" (1 +€”)"}

So sin 6
/2n ,

= _Vs % (1—cos 0)@~ 172 (1 4 cos 8)F~ 112
0

x sin((n + (o 4 B)/2)0 — an/2),

where lim,, _, , g,(cos 8) =0 uniformly on [§,7—d], 6 >0.

It is well known that the Chebyshev polynomials of the first and second
kinds are the solutions of a certain singular integral equation. From
Theorem 3.3 we obtain the interesting fact that a corresponding result
holds asymptotically for the polynomials p,(x, w) and p, _(x, (1 —x*)w).

CoOROLLARY 3.3. The relations hold, for ye (—1, 1),

1t )
LI 2 w) o ax
nJ_1 y—Xx

=—w(y) /1=y p, 1 (y, (L =xH)w)+§,5(») (3.12)

and

(1 —x?) w(x) dx

1][1 Pr_a(x, (1= x*)w)
TE #l J}_vx'

=w(y) /1= Py, W) +E,1(»), (3.13)

where €, (cos ), je {1, 2}, converges uniformly on the same set and at least
with the same rate as the function ¢, ;(e?), je {1,2}, from Theorem 3.3.

Proof. Obviously we have
Re{eineD(eiH’ l")} — ID(eiG’ H/)\z Re{eineD(e—iG, “/)}

and a corresponding relation holds for the imaginary part. Taking into
account that by (1.29), respectively (1.31), (2.7) and (3.11), y =cos 0,

2Re{e™D(e ™", u')} = /27 puly, W) + &, (¥),



b
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respectively

2 Im einBD e—ie’ /) R .
{ ( £ } =\//—2; pnfl()'.a (1 —‘xz)”v)-*—gn,Z(:‘y}])

sin 0
the assertion follows immediately on recalling Definition (1.37). §

If the weight function is of Bernstein—Szegé type then again we even have
equality in (3.12) and (3.13) and not only in the limit.

COROLLARY 3.4. Ler p,, be polynomial of exact degree m, which is
positive on [ —1, 1], and set

Wix)=1//1 —x?p(x) for xe{—1,1}
Then the following relations hold for 2n—1=m:

1 f Pulx, W) 1

—4X= Pn- (ys(i_xz)W}
Y y—=x p,,,(x) \/ 1 "Xz Pm(}’) !

and

ljzi pn»l(xa(l_xz)W)\/l—xzd 1
— Iy =

by, W).
Ty y—x PrmlX) Pl ¥)

Proof. Let @, be defined by (3.5). Since, as already mentioned,
$m:=+/c®, is orthonormal on |z|=1 with respect to u'(6):=
Wi(cos 0) |sin 0] = 1/|¢X(e®)|?, the results of the example following
Theorem 2.1 can be applied. Hence for 22— 1= m

2n 1

8on— l(zs !1') =;0_ ¢:,(Z)

and with the help of (1.29) and (1.31), y=cos 8,

V2 p (v, W)=2Re{e" ™%, ()}

and Fop_ () =0,

and
27 P i(p, (1= X2) W) =2Tm{e™ =%, (e)}/sin 6.
The assertion now follows from (3.9) and (3.10) by simple calculation.
Corollary 3.4 could also be proved with the help of Corollary 3.2. §

Setting p,,=1 in Corollary 3.4 we obtain the well known integral
equations for the Chebyshev polynomials of first, respectively second kind.
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4. ON STIELTIES AND (GERONIMUS POLYNOMIALS

In this section we first derive asymptotic formulas for Stieltjes and
Geronimus polynomials defined in (1.38) and (1.40). With the help of these
results for a quite general class of weight functions it is shown that all zeros
of the Stieltjes and Geronimus polynomials are simple and contained in
{(—1,1) and that the Kronrod quadrature formula has all quadrature
weights positive.

The next lemma, part (a) of which we have given in a slightly different
form in [24, Lemma 37 and part (b) of which is essentially contained in
[18, Theorem 27], shows how Stieltjes, respectively Geronimus polynomials
are related to functions of the second kind on the unit circle.

LEmMMA 4.1. Let

n+1 Z.n+1
0l ) = ) s0ad (2 21, o)
=1+Y 4,z for |zZ|<L 4.1)
i=1

(a) The Stielijes polynomial E, . |(-, dx) is given by
E,,1(cos 0, du)=27" Re{S¥, 1(€”, Q,(-, dn))—dy o1 1/2};
(b) the Geronimus polynomial J,(-, dx) by
J.(cos B, du) =2""Tm{S¥, ,(®, O, (-, dx))},

where S, (z, f) denotes the nth partial sum of the series expansion of [ at
z=0.

Proof. (b) Let
2"J,(y, da) = Z ;Ui (y)

_ i b,((y+\/y2—1)f+‘—(y—¢y2—-1)f“>_
j=0

2./y*—1

If we set z=y—./y>—1, y=1(z+2z"'), then we obtain from (1.40} in a
neighbourhood of the point zero that

(22)n+ 1

: —-j ~n+1
Fosot b Tz - & b0

Jj=0
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and thus

n—j

S;k(Z, Qn('a dG()) =

I
1=
]

2 j=

J

which immediately implies
S:+1(Z9 Qn(" dd))= Z bn—jz"+17j + dn+1.ns
j=0

which proves part (b).

Now let us give the announced asymptotic formula for Stieltjes and
Geronimus polynomials.

THEOREM 4.1. (a) Suppose that the weight function w satisfies

O<m< /1 -x*w(x) for xe[—1,1]
and (42)

J1I=x*w(x)eC?[-1,1].

Let y'(8) =w(cos 0) |sin 8] and D(-, u’)=D(-, &’ }/D(0, p'). Then the Stielt-
jes, respectively Geronimus polynomials have the asymptotic representation

2nEn+ I(COS 05 (1 —xz)w)=Re{S:‘+l(e"9, ﬁ(a ﬂ,)_l)_‘_gn(eios H,)}s (43\:"

respectively

277 (cos 0, (1 — x*)w) =Im{S*, (e D(-, p') "V +e,(e% p')} (44}

where lim,_, . €,(e” u')=0 uniformly on [—mn,n]. More precisely, jor
neN,

le.(e”, w')| < C(log n)/n.

{(b) If w satisfies the conditions

w(x)/ /1 =x*eL'[—1,1], /1 =x*w(x)=m>0
SJor xe[&;,&]e[—1,1]
and 4.5}

! —x? M’(X)E CZ{&I, é.’,]
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then
2"E, , 1(cos 8, (1 —x*)w)
=Re{Sk1(e”, D(-, 1) ™) = (d s 1.4/2) + £4(e”, 1)},
where lim,,_, , &,(e®, u') =0 uniformly for 6 € [arccos &, + 1, arccos &, — 7],

n>0. Furthermore relation (4.4) holds uniformly on [arccos&,+n,-
arccos &, —n], n>0.

Proof. Concerning part (a) put

Qn(z) = Qn(za (1 - xz)w)a
k, =k, ((1—x?%) da)), and D(z):=D(z, u')

where Q,(z, (1 —x?*)w) is defined in (4.1). From Theorem 3.1 combined
with Theorem 2.1 and Remark 2.1 we get

2n+—1
1= lim Q,0)= lim —————
ke n—o /2 k,D(O, 1)

where we have taken into account (4.1), and

Q.(e”):= lim Q.(re®)=D(e®) ™" +¢,(e”) (4.6)
where, by Remark 2.2,

le (e®) <K (logn)n  for Oe[—m, n].

Since u'eC?*[—m, n] implies (see, e.g, [13, Exercise 3]) that the
conjugate function p’'e C'[ —mn, n], the function F:= F(-, du) defined in
(1.12) has the properties, see (1.14),

coFe®)y=p' (@) +iy'(0) and  F(e®)eC'[—mn, n].

Thus it follows with the help of the second relation in (1.17) and (1.18) that
Gane1(€®, du) — Ry, (€%, du)e C'[ —m, n]. Using the fact that by (1.22')
D(e®®)#0 for e [—mn, n], since u' >0, and thus, by (4.6), Q,.(e?)#0 on
[ =, n] for n>n,, we get that @,(e”) e C'[ —n, ] and moreover satisfies
a Lipschitz condition on [ —x, n] with Lip-constant L, for n > n,. Observ-
ing that by assumption on y’, log u’e€ C*[ —=, n] and thus the conjugate
function logu’ e C![—n,n] we obtain with the help of (1.20) that
log D(¢®)e C'[—m, 7] and thus D(e®) ‘e C![—n,n]. Hence D'
satisfies a Lip-condition on [ —#, n] which implies on the one hand by well
known results on Fourier series (see, e.g., [30, Chap. II7]) that

|D(e”) ' =S, 1(e” DY) < Ky(logn)n  for fe[—m n], (4.7)
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and on the other hand, in view of the uniform convergence of @, to b
that the Lip-constants L, of Q,, n=>n,, are bounded by a constant X;.
Hence

iQn(eig) - Sn+ l(eig’ Qn)l
< Ks5(log n)/n for Oe[—n nlandazn, (4.8)
which, in conjunction with (4.6) and (4.7), gives
[Sn+ I(eiea DA?I) - Sn +- 1(€ies Qn)i
< K,(log n)/n for 8e[—m, nland n=n,. (4.9}
Next let us demonstrate that

lim d,,,,=0. (4.10)

n— o0

If we set
D~ (z)= Y d,z"
n=0

then we have, since log '€ L'[ —n, n], that D~'e H, and thus

lim d,=0.

n— C

Since Re Q,(e”) and Re D(e®)~! are continuous on [ —=, z] we get by
applying Schwarz’s formula (see, e.g., [30]) and by taking into considera-
tion relation (4.6) that

1 , 2 d
Idn-}l.n‘_d"I:’__'J. RC{Q”(Z)—D(Z)_I} niZ
T z

zl=1

<K; max e, (e®)] =20,

fel—mn] s o0

which proves (4.10). Part (a) now follows from (4.9) and Lemma 4.1.

Concerning part (b) it is not difficult to check that all arguments used
to prove relation (4.9) also hold locally, where in (4.6) and (4.9) (log n)/n
is to be replaced by J, where 6, 5—==>0. ||

As a consequence of Theorem 4.1 we obtain the following imporiant
asymptotic relations.

COROLLARY 4.1. Let k, denote the leading coefficient of p,(x, {1 — x*)w).
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(a) Suppose that the weight function w satisfies the assumption of
Theorem 4.1(a). Then on [ —1, 1] the asymptotic relationship holds that

knEn+ l(xa (1 __x2)w) = pn+ l(xb W) + 5n,1(x)a (411)
and
kn']n(x’ (1 _xZ)M,) = pn(x’ (1 _xZ)w) + 5n,2(x)7 (412)
where
6, ;/(x)! < C(log n)/n for xe[—1,1],neNandj=1,2.
(b) If w satisfies the assumptions of Theorem 4.1(b) then
knEn+ l(xv (1 - x2)w) + kndn+ 1,n/2n+ ! = pn+ l(x’ W) + gn,l(x) (413)
and
kan(xs (1 _xZ)W) = pn(x’ (1 —xz)“)) + gn,Z(x)’ (4'14)
where lim,,_, ., 5, ;(x)=0 uniformly on [&,+6, £,— 8], >0.

Proof. (a) First let us prove (4.11). In view of (1.29) and (2.7) we have
A, p.(cos B, w)=2Re{e"D(e”, p') "' +¢,(e)}, (4.15)
where by (2.8)
le(e®) <K (logn)/n  for Be[—m, n].
Thus we get with the help of (4.3) and (4.7), recalling (1.1} and (2.2), that
K2"E,  (cos B, (1 —x)w)=A, .1 Dyar(x, w)+0,(x)  (416)
with
[6,.(x)] < K5(log n)/n for xe[—1,1].
Next we claim that
k2= 274 (1 + gy 1(dp)) K3, o(dp)/ (4.17)
and
la,(dp)l < Ks(log n)/n. (4.18)

Indeed, (4.17) follows immediately from the fact that

[ p20x, (1= w)(1 = X)) e = /22 (L @y ()1 o),
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which can be demonstrated as in [7, (31.12}] by using relation {1.31}.
Concerning relation (4.18) let us recall that, see [ 10, (1.9)],

1
¢n (*-a d.u Z ¢k 0 dﬂ) ¢k(4, dl"”

and hence

¢

D(e®, u) = z $:0. 1) dul,

which implies that

" 12
e L R R

2nJ_, K R
where the first mequahty follows by relation (1.4) and the fact that x,<
K;< - €k,< --- <k, and the last inequality follows by {2.8) and the
estimate |k — &, <K(log n)/n which can be deduced from {2.2} and {Z.8)
combined with the maximum principle. Hence (4.18) is proved.

Relation (4.11) now follows from relation (4.16) together with (4.17) and
(4.18) if we take into account that by (4.15) {p,(x, w)} is uniformly
bounded on [ —1, 1]. Along the same lines we obtain (4.12).

Part (b) can be demonstrated analogously. J§

Concerning the asymptotic behaviour on C\[ —1, 1] we get

CorOLLARY 4.2. Suppose that w satisfies the assumptions {4.2) and set
w{6)=w(cos ) |sin 8| for O [ —n, n]. Then

o 2B (1= x)w)
PRI (V"‘ / _1)!1+1

=D(y—~ ¥ - L)t (4.19)

holds in_the domain |y + / i II > 1, the converge being uniform for
|y+\/1 —i=z14+n1>0.

Proof. In view of Lemma 4.1, relation (4.9), and the maximum
principle we have, for z= v —.,/y*— 1= 1/(y+./y>— 1),
22y E, () =" ISk Q J+ S,z Q)
_7"+IS* ( 1)“"Snﬁ»l(z D )+5n{2)
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with lim,Hoc £ (z2)=0 for || 1. Since relation (4.7) implieAS that
S,.1(z, D) converges to D! on |z|<1 and that S* ,(z,D7') is
bounded on |z| =1 the assertion is proved. |

It would be interesting to know whether the limit relation (4.19) holds
under weaker conditions on the weight function w.

Based on numerical results Monegato conjectured in [18] that the zeros
of the Stieltjes polynomials £, , and £, for the Legendre weight separate
each other. Among other results we show in the next coroliary that this is
true, at least for large n, for weight functions (1 — x?)w satisfying assump-
tion (4.2). For the Legendre weight this question remains still open.

CoROLLARY 4.3. (a) Suppose that w satisfies the assumption (4.2)
of Theorem 4.1(a). Then there exists an n, such that for
n=ng, E, (-, (1 —x®)w) and J,(-, (1 — x*)w) have n simple zeros in (—1 1)
and the zeros of (x*—1)p.(-,(1—x*)w) and E,, (-, (1—x7 )w)
Posi(5w) and J, (-, (1=x")w), E, (-, (1=x")w) and J,(-, (1—x*)w

E,.(,(A1=x>)w) and pl(-,w), and E,. (-, (1—x")w) and

E. (-, (1 =x*)w), respectively, separate each other.

(b) Suppose that w satisfies the assumptions (4.5) of Theorem 4.1(b)
and let d,, . . , be defined by (4.1). Then there exists an n, such that for n>n,
and ne (0, (E,—&,)/2) there is an odd number of zeros of J,(-, (1 —x*)w)
between two consecutive zeros of p, . (-, w) contained in [ &, +n,E—n],
n>0, and, if in addition lim,, _, . d,,,,=0, there is an odd number of zeros
of E,. (-, (1—x*)w) between two consecutive zeros of p,(-,(1—x?*)w)
contained in [&,+n, &, —n].

Proof. We have by Theorem 4.1 combined with (4.7), (1.29), (1.31),
and (2.7), x=cos 0,
K2"Ey 4 (X, (1=X")W) Ay g1 Ppi (X W)
+(1—=x7) 2"k, (x, (1 —x*)w) B, pu(x, (1 =x*)w)
=Re{e "+ 1D(e?) " + ¢, (e?)}
x Re{e ™+ V0D(e®) "1 + ¢, ,(e?)}
+Im{e "t V9D(e®) ' +¢,,(e?)}
xIm{e "+t DOD(e?)~ 4 g, ,(e?)}
= |D(e”)| ~* +n,.(0), (4.20)

where lim,_, . 1,(0) = 0 uniformly on [ —=, n]. Note that the last
equation follows by simple calculation. Using (4.20) at the zeros of
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(x> =1) p.(-, (1 —x*)w), respectively at the zeros of p, ., ,{-, w), and recal-
ling the known fact that the zeros of these both polynomials separate each
other, the first and second statements follow. Using (4.20) at the zeros of
Jo(-, (1—x?)w) and taking into consideration the interlacing property of
the zeros of J,(-, (1 —x*)w) and p, , (-, w), the interlacing property of the
zeros of E,, (-, (1 —x*)w) and J(-, (1 — x?)w) follows.

Finally let us turn to the interlacing property of the zeros cof
E,..(,(1=x*)w) and p"(-,w) and of E,, (-, {(1—-x*w) and
E,(-, (1 =x?)w). As we have shown in the proof of Theorem 4.1 the
assumptions on p'(#) :=w(cos 6) |sin 6| imply that F(e®, du)e C'[ —n, =]
and F(e® du)#0 on [ —n, n]. Hence the measure u* defined in (1.13), is
absolutely continuous on [ —m, ] with the property that, see {1.15},
(u*) (8) = const. w(cos 0) |sin 8|/|F(e®, du)|? is continuously differentiable
on { —m, n] and thus satisfies a Lipschitz condition on [ —r, #]. Hence,
by (2.7},

YHe”, du)=Die®, p*)~" +e, 5(e”).
where lim,, _, ¢, 3(¢”®) =0 uniformly on [ —=, 7 ]. Setting
D(z, du*)=*D(z)
we get by (1.34)
B, sinOp'V(cos O,w) =2 Im{e V9 (*D(e®) +¢,,(e“))}.
Now we claim that

K2"E, 1(x, (1=x*)w)27'B, p' (x, w)
— k2" E,(x, (1= x})w) 27" B,y pI(x, w)
=(—1/co) +ya(x), 421

where lim, , . y,(x) =0 uniformly on [ —1, 1]. Indeed, since the left hand
side in (4.21) is equal to (x =cos )

Re{e VD) ! +e,,(e”)}

X Im{e”’g( *Die ) +e,3(e®))}/sin 0
—Re{e ™ ™(D(e") ' +2,.(e"N}
xIm{e™ T 0(*Dle P} +¢, ;(e”)) }/sin 6
—Re{(D+e, )(e®)(*D+¢,3)(e?)}
(—1/co) + y.(cos ),
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where the first equality follows by simple calculation and the second one

follows by the fact that in view of (1.11), by taking the limits there,
Re{D(e”) *D(e”)} = 1/c,.

Since it is well known that p'"(-, w) and p'*’ (-, w) have interlacing zeros

we get from (4.21) that E,, (-, (1 —x*)w) and p'P(-, w) have interlacing

zeros for m>n, and thus again by (421) E,, (-, (1—x*)w) and

E,(-, (1 —x*)w) have interlacing zeros.

(b) follows immediately from relation (4.21) and Theorem 4.1(b). |

THEOREM 4.2. (a) Suppose that w satisfies the assumptions (4.2). Then
all quadrature weights o,,, v=1,.,n, and y,,, pu=1,.,n, of the
Gauss—Kronrod quadrature formula (1.41), where o'(x)= (1 —x?) w(x), are
positive.

(b) Suppose that w satisfies the assumptions (4.5) and that
lim,_ . d,,,,=0. For any ne(0,(&,—¢E,)2) pur A ={ve{l,. ., n}:
X n€LE +n, E—nl} and M ={pe{l, . ..n+1} 1y, e[ +n & —nl
where y, ., respectively x, ,, denotes the zeros of E,, (-, (1 — x*)w), respec-
tively p,(-, (1 —x*)w). Then the quadrature weights O, VEN, and y

peH, of the Gauss—Kronrod quadrature formula (1.41) are positive.

pns

Proof. Since the proof runs along the same lines as the proof of
Theorem 3 in our paper [24] we only sketch the proof.

(a) In view of [16] the positiveness of the y,,'s is equivalent to the
interlacing property of the zeros of £, (-, (1 —x*)w) and p,(-, (1 —x?)w).
But this has been proved in Corollary 4.3.

Concerning the positiveness of the ¢, ,’s let us first recall that by [16]

_ —1
M KR En 1(ns (1= X7 W) Polx, s (1= x7)w)

X(En+1(xv,n;(1_x2)“'7) 1)
Pn+l(xv,n.: (1*—.’(‘2)14’) ’
where k&, denotes, as in Corollary 4.1, the leading coefficient of
Pa(x, (1 —x?)w). Hence, taking into account the interlacing property of the
zeros of E,, (-, (1 —x?)w) and p,(-, (1 —x?)w), the positiveness of the
o, .S is equivalent to
kn+lEn+1(xv,n’ (1 _xZ)w)
Pns l(xv.na (1 - xZ)u,)

Observing that by (1.31), x,,,=cos 8, ,,
Z¢2n+ I(Z: dll) = ¢;=n + 1(2, d/l) fOr z= eiev'”'»' (423)

o

> 1 for v=1,..,n (4.22)
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and thus, using (1.2) and (1.2'),

Pani (2, duy= @3, 2(z, dp)
=(1—a,,, ) 0%, . (2, du) for z=pz% {4.24)

we get with the help of (1.31), (1.2), (1.2"), and (4.24), respectively (1.29)

and (4.23), that the following two relations hold for x=x, , and z=¢""
2K7n —(n+ 1) s i
Py 1(x, (1= )y = 2242 $nalz ) (4.25)
Brh—Z;‘:n+3
and
2z~ (n-;—l)é7 .
P, (1= XP)w)= e 1(2) (4.26}

‘4n+l

Taking into account that by (1.22") and (2.1) () is uniformly bounded
from above and below on |z{=1 and thus (|p, . (x.,,w)|), respectively
(12n+ (X, ., (1 =x*)w)]), is uniformly bounded from above, respectively
below, and that by (4.17) lim, | _ (k,, ,/k,) =2, we obtain with the help
of (4.11) that

k,:+1E,,+l(_Yv_n,(I—XZ)W) 7pn+l( \n’w) 4+ef{x. )
2 ' an\lv,n}
pn+[(xv,n’(1_x )H') Pn+1( \pn(I—‘: )H)
~2+8 ( V. n)

with ¢,5—= 0 and §,——==> 0 uniformly on [ —1, 1], where the last

equality follows by (4.24) (?176 ), (2.5), (1.28), and (1.1). Thus part {a) is
proved.
Using Corollary (4.3b) part (b) can be proved quite similarily to

part (a). |
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